Consistent Interactions of the 2+1 Dimensional Noncommutative 

Chern-Simons Field 

E. A. Asano, L. C. T. Brito, M. Gomes, A. Yu. PetrovQ and A. J. da Silva 

Instituto de Fisica, Universidade de Sao Paulo, 
Caixa Postal 66318, 05315-970, Sao Paulo - SP, Brazi\ 
(Dated: 1st February 2008) 



A 



1. 

(N 

Zj • We consider 2+1 dimensional noncommutative models of scalar and fermionic fields coupled to the 

<u ; 

Q . Chern-Simons field. We show that, at least up to one loop, the model containing only a fermionic 

field in the fundamental representation minimally coupled to the Chern-Simons field is consistent 
in the sense that there are no nonintegrable infrared divergences. By contrast, dangerous infrared 
f^. ■ divergences occur if the fermion field belongs to the adjoint representation or if the coupling of scalar 

in ; 

matter is considered instead. The superfield formulation of the supersymmetric Chern-Simons model 

o 

is also analyzed and shown to be free of nonintegrable infrared singularities and actually finite if the 
matter field belongs to the fundamental representation of the supergauge group. In the case of the 
adjoint representation this only happens in a particular gauge. 
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I. INTRODUCTION 



Models containing Chern-Simons (CS) fields interacting with the matter are very important 
both for the clarification of conceptual aspects as well as for the applications of field theory. 
Partially due to the recent interest in nraic^mmutative theories, some pro perties of noncom- 
mutative CS models have been studied 



loncommutative theories, some properties 01 noncom- 

QQ. As it 



happens with its commutative nonabelian counterpart, gauge invariance of the noncommuta- 
tive CS model demands the quantization of CS coefficient p, 0, [], Q|. Up to one loop, this 
was proven to hold for the U(l) pure gauge model and also when minimally coupled fermions 
are inc uded [n|, 12 |. Some results indicated that the pure CS theory is actually a free field 
model 

One problem that still deserves studies is the possible occurrence of nonintegrable infrared 
singularities associated with the ultraviolet/infrared (UV/IR) mixing. As known, such singu- 
larities jeopardize the perturbative series and may lead to its breakdown. For the pur e CS 
model the absence of linear UV/IR mixing has been verified up to one-loop order In 
the present work, we will examine various couplings of the CS field to matter determining in 
what circumstances they may be consistent field theories. We begin by considering separately 
the models of fermionic and scalar fields minimally coupled to the CS field. For the case of 
fermionic fields transforming in accord with the fundamental representation of the gauge group 
there are no dangerous (nonintegrable) infrared singularities. However, for the same model but 
with the fermionic field belonging to the adjoint representation, there are linear nonintegrable 
singularities in the radiative corrections to the gauge field two point vertex function. The 
situation is still more complicated in the case of a scalar field minimally coupled to the CS 
field. Here there are infrared singularities both for the fundamental and the adjoint represen- 
tation. In the case of the fundamental representation linearly divergent infrared singularities 
come from the contributions to the scalar field four point vertex function whereas in the case 
of the adjoint representation there are additional infrared singularities in the two point vertex 
function of the gauge field. We then show that the inclusion of an adequate Yukawa coupling 
may remove the divergence if both the fermionic and the scalar fields belong to the funda- 
mental representation. For the scalar fields in the adjoint representation there are infrared 
singularities which persist even after the inclusion of fermions. More general interactions are 
n eede d m d thuS we co nsider the _ t ative S „ m et ri c CS m o d el (see Q 



for some discussion on the quantum dynamics of the commutative supersymmetric CS model) 
and prove for the matter superfield both in the fundamental and in the adjoint representations 
that, up to one loop the model is free from dangerous infrared singularities and renormalizable. 
However, for the matter superfield in the adjoint representation the absence of divergences only 
happens in a particular gauge. 

Our work is organized as follows. In Section HU the noncommutative models of scalar and 
fermionic fields minimally coupled to the CS field are introduced and our graphical notation 
is presented. The possible occurrence of dangerous (quadratic or linear) infrared divergences 
is investigated first in Section IHH when the matter fields belong to the fundamental represen- 
tation, and then in Section HVj when the fields are in the adjoint representation of the gauge 
group. The superfield formulation of the noncommutative CS field coupled to a supersymmet- 
ric matter is considered in Section A general overview and comments of our results are 
presented in Section EH 

II. SCALAR AND FERMIONIC MATTER MINIMALLY COUPLED TO THE 
CHERN-SIMONS FIELD 

In this section we shall present some results concerning the coupling of matter to the CS field. 
For both cases of scalar and fermionic matter fields, the pure gauge part of the noncommutative 
action is given by 



where a generic gauge fixing (£) and the corresponding Faddeev-Popov ghost actions have been 
included. The matter field actions are 



S, 



'gauge 




e^ A A, * d u A x + —A, * A v * A\ ) — —{d^){d v A v ) 



(1) 




(2) 



for the scalar field and 




(3) 
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for the fermionic field. In this action ip denotes a two-component Dirac field and the rep- 
resentation for the gamma matrices is such that 7^7^ = g^ v — e^ ua ^ a , where e^ va is the 
completely anti-symmetric Levi-Civita symbol. Throughout this work we shall use the metric 
<?n = 9n = —goo = 1- Furthermore, to avoid possible unitarity problems |lj| we shall keep the 
noncommutativity parameter Q 0i = 0. 

In the above expressions D^O is the covariant derivative of the field O and it is given by 



D^O = d^O - leO * Ap, (4) 
D^O = d^O + ieiA^OU (5) 

if the field O belongs to the fundamental and to the adjoint representation, respectively (the 
Moyal commutator is defined as [Ap, 0]* = Ap * O — O * Ap). Unless for the Section V in this 
work we will employ the Landau gauge by taking the limit £ — > 0. 

A Feynman graph representation for the models described above consists of wavy, con- 
tinuous, dashed and dotted lines associated to the gauge field, fermionic, scalar and ghost 
propagators, 

A„„(*) = (6) 

= TO- < 8 > 

A c (k) = ± (9) 

respectively, and of the vertices (see Fig. P): 

Yp Up = 2iee flup sin(A; Ap), (10) 
= -2ekpsm(k Ap). (11) 

The graphical correspondence for the other vertices depends on the representation. To 
distinguish the same vertex in the fundamental and adjoint representations we include an 
additional index F and A, respectively. Thus to the trilinear scalar-gauge field vertex, indicated 
by Y 2 p in Fig. [T] corresponds 

Tl = -ze(2k+p)pe- ih ^ } (12) 



for the fundamental representation and 



2yU ~~ 



2e(2k + p) fl sin(A; Ap) 



(13) 



for the adjoint representation. Using this convention the other vertices are 




4ie 2 ^ sin(fci A p x ) sin(/c 2 A p 2 ) + (p± p 2 ), 



2ie7 M sin (A; A p). 



ikAp 



(14) 



(15) 



(16) 
(17) 



From these rules, the ultraviolet degree of superficial divergence of a generic diagram 7 
turns out to be 



where N^, N v , and N c indicate the numbers of gauge, scalar, fermionic and ghost external 
lines of 7 (up to one loop N c = 0). 

A simplifying property shared by these models is the cancellation of the pure gauge contri- 
butions. Thus, when computing the corrections to the gauge field two point vertex function, 
one finds that the diagrams in Figs. Eh and© mutually cancel 

Concerning the possibility of the appearance of nonintegrable infrared singularities special 
care should be given to graphs with ^(7) > 0. They can occur in the two point vertex functions 
of the basic fields, in the three point vertex function < TA^ip > and in the four point vertex 
function < T(p*(p'(p(p >. In what follows we will restrict our attention to the investigation on 
the possibility of occurrence of nonintegrable infrared singularities. 

III. FUNDAMENTAL REPRESENTATION 

Let us begin our analysis by considering first the case of the fundamental representation. In 
this situation the one-loop contributions to the two point functions come from planar graphs 
and so do not induce infrared nonintegrable singularities. Thus, up to one loop the model 
whose action is S gauge + Sf erm i on is renormalizable and free from dangerous UV/IR mixing. 

For the scalar model described by the action S gauge + S sca i ar we need to examine the contri- 
butions to the three and four point vertex functions. We have: 



d(j) =3-N A -N^--N v -- 



CI 



(18) 
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1. Three point vertex function. The relevant diagrams are depicted in Fig. El Because of 
properties of the Levi-Civita symbol, the divergent parts of the integrals associated with the 
graphs in the Figs. Efr, Efr and|Ht actually vanish. 

Furthermore, due to our gauge choice the graphs OH andEt turn out to be only logarithmi- 
cally divergent and generate a mild (integrable) infrared divergence. 

2. Four point vertex function < T 'ip> '(pip> 'ip >. There are three types of diagrams as drawn 
in Figs. |3Jx — c. In the Landau gauge, the diagrams in Figs. |3Jx and© are finite but graph 
presents a linear infrared divergence as can be seen from its analytical expression 

Fig4c = -2eV^ + ^) / ( f* e ^^}* + P ~£ a cos 2 [fc A (p - r)]. (19) 

J [lit) 6 k [k + p — r) z 

Using cos 2 (j) = |[1 + cos(20)], we obtain the following nonplanar part 

(Fig4c) npW = -2eV<^>/ ^ ^ + + /_" r )l cos[2AA(p-r)] 



• 4 

te 



— + finite term (20) 



2n\p — f\ 

where in the last line p ~ r. Of course, "finite term" designates the contributions that stay 
finite when p — > r. Although innocuous at this point the above infrared linear divergence 
ruins the perturbative expansion as it is illustrated by the graph in Fig. [HI which presents a 
strong nonintegrable singularity at k = p. To cancel such singularity we enlarge the model by 
coupling a fermionic field to the scalar field through the following Yukawa like self-interaction 

(21) 

The relative minus sign between the terms in this expression was chosen so that it provides 
a mechanism for the cancellation of the infrared singularity and does not vanish in the com- 
mutative limit. To see how this happens notice that this interaction generates the vertex 
indicated in Fig. [TJ 

= 2igcos(ki A k 2 + Pi Ap 2 )- (22) 

Among the new diagrams produced by this new interaction we have the graph in Fig. Ad 
which gives the nonplanar contribution 

_ of d 3 k —k-(k + p — r)+m 2 r , . , . . . 

(Fxg4dW = -^ [{k + p _ r)2 + M2p2 + W) cos[2fcA(p-r)+ P Ar- g A 3 ], (23) 
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from which we obtain the following divergent part as p — > r: 

ig 2 

Divergent part of (Fig4d)„ p z anar = -— - — - (24) 

2tt\p — r\ 

so that, to cancel the divergence in (Fig4c) npianar , we must set g = e 2 . 

We can check that all one-loop additional diagrams containing the vertex (|2*T1) do not gen- 
erate nonintegrable singularities. Therefore, we may conclude that the model whose action is 

Sgauge ~\~ S sca l ar ~\~ Sj erm i on -\- Syukawa (^^) 

is free from dangerous infrared divergences if g = e 2 . 



IV. ADJOINT REPRESENTATION 



Let us now examine the models introduced in the previous section but with the matter 
fields in the adjoint representation. We begin the analysis by considering the model with 
action S gauge + Sf erm i on . In this case the graphs contributing to the two point proper vertex 
functions are no longer purely planar. Actually we have: 

1. Gauge field two point proper vertex function. The relevant diagram is the graph in 
Fig. [2ti which yields 

vrf (p) = -4e 2 [ -^Trfo" ^ Y ,„ ~ a ] sin 2 (k A p) 

/W J (2vr) 3 L/ -ift + M 1 -i^+fj + M 1 v F> 

= n f,planar(p) + , nplanar^P) i (26) 

where the subscript / designates the fermionic contribution and the planar and nonplanar 
parts are (a = a/ M 2 + x(l — x)p 2 ) 

planar = ~ " PY) ^ dx^^- + ^V'p, f dx\ (27) 

and 



7T 



f, nplanar 



(P) 



ie 

7T 



dx 



x 



ie 2 p^p v 
7T p 2 



dx(a 



-"VP 



Me 
~2T 



dx-e~ a v p \ 
n a 



(28) 
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which diverges linearly as p — > 0. To cancel this divergence we add scalar fields described by 
the action in Eq. J2|) but with mass m = M. We then have the contributions from the graphs 
in Figs. &l and [2^ which give 

*T(P) = W V P 2 - pV) f dJ?-^-{\ - e-V^) 

+4^ / dx{^= + a)e- a v^ 1 . (29) 
P Jo \jp 2 J 

As we see, this last expression presents the same infrared divergence as in the fermion case. 
Thus, as the masses are equal the two divergences cancel. 

Let us now consider the one-loop corrections to the two point vertex functions of the matter 
fields. Up to this point, the relevant diagrams are depicted in Fig. Ufa — c). In the Landau 
gauge the integrands for the diagrams© andEt vanish, so that the two point vertex function 
of the scalar field does not introduce nonintegrable infrared singularities. Concerning the two 
point vertex function of the fermion field, after a straightforward simplification, the graph in 
Hfr furnishes 

^ = Aie J k 2 [(k-p) 2 + m 2 )] [i-^ML (30) 

whose nonplanar part yields 



nplanar 



, 9 f d 3 k cos(2fc A p) ie 2 m /& . . 

4e / t — r^^ri + finite term = — e~ m VP + finite term. 31 

J (2tt) 3 (k 2 + m 2 ) 

To keep things in perspective, we should recall that, besides this divergence we need also 
to cancel the one associated with the four point function < Tip^ipip^ip >. Before adding 
fermions this function receives contribution from the diagram in the Fig. In the adjoint 
representation this graph gives 

Fi E 4c - -8e 4 I ^ ^e^(k + p-r) _ f d 3 k (k + p - r) ■ k 

g J (2vr)3 k 2 {k+p-r) 2 J (2ir) 3 (k + p - r) 2 k 2 [ ' 

where C is the trigonometric factor 

C = [sm(k A q + s A q) sin(fc A s) + sin(A; A q) sin (A; A s + s A q)} 

x [sin(fe Ar + pAr) sin(A; A p) + sin(A; A r) sin(A; A p + p A r)]. (33) 
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As done in our study of the fundamental representation, we investigate the possibility to cancel 
these divergences by adding a Yukawa like interaction. The structure of the trigonometric factor 
in Eq. (j33|) suggests that one should include the interaction 



Syukawa, adjoint = 9\ I <Px{[ip\ 1p } * * [<f, l/l) * - [if* , 1p ] * * [(f, t/j) * } . (34) 

In fact, this interaction introduces a new vertex which will be still represented by the last 
vertex in Fig. Q] but which corresponds to 

= 4i#i[sin(A;i A pi) sin(k 2 Ap 2 ) + sia(ki Ap 2 ) sm(k 2 A pi)]. (35) 

Because of this new vertex, there is one additional diagram, Fig. HJi, which provides the 
following contribution to the two point vertex function of the fermion field 

^ , f d 3 k sm 2 (kAp) , , 

As the nonplanar part of this graph is equal to 

(Fig6d W = -4 9l / = ^=e-V?, (37) 

J {2nY (k 2 + m 2 ) jc^/fp 

we see that the infrared singularity will cancel if g\ = e 2 . 

Concerning the four point proper function of the scalar field, notice that there is also a 
new diagram which topologically is the same as the graph in Fig. EJi but whose analytical 
expression is 



Fig4d = 16s 2 I ^Tr[A4k)A4k + p-r)}C 



i d 3 k —k ■ (k + p — r) + m 2 „ , , 



(2tt) 3 [(k+p- r) 2 + m 2 } [k 2 + m 2 } 

As gi = e 2 the two contributions, Eqs. (|32|) and (J3*8*jl . do not cancel and a linear IR divergence 
persists. To remove such divergence a further extension of the model is needed. Taking into 
account these observations, in the next section we will consider a superfield CS model. 
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V. THE SUPERFIELD CS MODEL 

We begin our analysis by considering the 2+1 dimensional superfield CS model which is 
defined by the action (2i| 

S = m J d 5 z(A a * W a + l -{A a , A 13 }* * D p A a + ^{A a , A% * {A a , A p }*) , (39) 

where 

W p = l-D a D l3 A a - ~[A a ,D a Af3]* - ~L4 a , {A a ,Ap}*]* (40) 
I l o 

is a superfield strength constructed from the spinor superpotential A a . This action is invariant 
under the infinitesimal gauge transformations 

5A a = D a K-i[A a ,K}*, (41) 

where K is a scalar superfield parameter. As a first step for quantization, we eliminate this 
gauge freedom by choosing the gauge fixing and associate Faddeev-Popov terms as specified 
by the action 

777 / I / 

Sgf+fp = -^j d 5 z(D a A a )(D^Ap) + — J d 5 z(c'D a D a c + id * D a [A a , c]„) , (42) 
so that the quadratic part of the action reads 

S 2 = ~m J d 5 zA p \D a D? + -^D°^A a + ^ J d 5 zc'D a D a c. 
From this action we get the free gauge and ghost propagators as being 



(43) 



and 



< A a {z 1 )A /3 {z 2 ) >= \D l3 D a + £D a DP\ 5\ Zl - z 2 ) , (44) 
4mU 



D 2 

< c'( Zl )c{z 2 ) >= -ig 2 —5 5 ( Zl - z 2 ) . (45) 

The interaction part of the action determines three types of vertices: 

T 3 = a 3 mA^{k 1 )A a (k 2 )D a A (k 3 )sm(k 2 Ak 3 ), 

T 4 = a 4 mA p (k 1 )A a (k 2 )A a (k 3 )A l3 (k 4 )sm(k 1 Ak 2 )sin(k 3 Ak 4 ), 

T c = -\c'(k 1 )D a (A a (k 2 )c(k 3 ))sm(k 2 Ak 3 ), (46) 
T 
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where a% = | and = |. Instead of writing their explicit values, we will retain the notations 
CZ3 and CZ4 to keep track of the contributions of each vertex. 

To study the divergence structure of the model we shall start by determining the superfi- 
cial degree of divergence ££(7) associated to a generic supergraph 7. Explicitly, (£(7) receives 
contributions from the propagators and, implicitly, from the supercovariant derivatives. This 
last dependence can be unveiled by the use of the conversion rule 

D a (-k, 9)D p (-k, 9) = k aP - C aP D 2 (-k, 9) (47) 

and the identity (D 2 ) 2 = —k 2 . Let V\ be the number of pure gauge vertices containing one 
super-derivative and V c the number of ghost vertices; let Pa and P c be the numbers of gauge 
and ghost superpropagators and let Nr> be the number of supercovariant derivatives that act 
on the external lines after the usual D-algebra transformations. The superficial degree of 
divergence is then 

d(j) = 2L + + V c ) -P A -P e - ijV D , (48) 

where L is the number of loops. As we are going to consider Green functions of the gauge 
superfield only, then V c = P c . Using this and the topological identity relating the number of 
lines, the number of vertices and the number of loops, the above formula can be rewritten as 

d(i) = 2-^E A - ~N D , (49) 

where E A denotes the number of external A lines. 

At one loop, due to symmetric integration, the superficially logarithmically divergent con- 
tributions are actually finite. We have therefore to examine only graphs that are potentially 
linearly divergent. They contribute to the two point gauge superfield vertex function and are 
depicted in Fig. 7. First notice that the ghost contribution in F ig. 7c is the same as in 
noncommutative super-QED3 so that we just quote the result from [21] 

r -4/(g^ / S^^-^MO + , (50 

where the ellipsis stands for finite terms. The second contribution, which comes from the 
tadpole graph in Fig. 76, is also easily evaluated giving 

^ 3 - f d 3 p r. f d 3 k sin 2 (/c A p) .*>. „ . . . „ . . . 

T 2b = -cn(l - J j^y 3 d% J (27r)3 \ 2 P) A?(-p, 9 1 )A,( P , 9i). (51) 
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The evaluation of the graph in Fig. 02 is more complicated as it involves two types of 
contractions distinguished by the fact that the two derivatives at the vertices act on the same 
line (denoted by (a), (6) and (c)) or on different lines (indicated by (a'), (&') and (c')): 

T 2a = (a) + (b) + (c) + (a') + (If) + (c') (52) 

where 

(a) = m 2 a 2 y -0^d%d 2 6 2 J -0^^m 2 (k Ap) < D a A p {k,9{)D a ,Ap,{-k,e 2 ) > 

x < A p (p - k, 9 1 )A a '(-(p - k),9 2 ) > A a (~p, 9 1 )A f3 '{p, 9 2 ), 
(6) = / ^f d2Q ^\ ^sm 2 (kAp)<D a A p (k,9 1 )D a ,A p ,(-k,9 2 )> 

x < ^(p - fc, 0i)A^(-(p - k), 6 2 ) > A a (-p, 9 1 )A a '(p, 9 2 ), 

(c) = / £^d 2 9 ± d 2 9 2 / -|^sin 2 (A;Aj9)< J D a A /3 (A;^ 1 ) J D Q ,^(-A ; ^ 2 )> 

2 J (An) 6 J (Zn) 6 

x < A a ( P - k, e l )A a \-{p - k), e 2 ) > a\- v , o 1 )A^'{p, e 2 ), (53) 

(a') = m 2 a\ J ^d%d 2 9 2 J ^ sin 2 (k A p) < D a A^(k, 9,) A a ' (-k,9 2 ) > 
x < A\p - k, 9 1 )D a ,A /3 ,(-(p - k), 9 2 ) > A a (-p, 9 1 )A (3 \p, 9 2 ), 

(&') = ^3 J (^3^1^/ ^- 3 sm 2 (k Ap) < D a A p (k,9 1 )A^'(-k,9 2 ) > 
x < A?(p - k, 9 1 )D a ,A /3 ,{-(p - k), 9 2 ) > A a (-p, 9 1 )A a '(p, 9 2 ), 

(c') = ^-al J ^d%d 2 9 2 j ^sin 2 (kAp)<D a A (k,9 1 )A a '(-k,9 2 )> 

x <A a (p-k,9 1 )D a ,A l3 ,(-( P -k),9 2 )>A> 3 (-p,9 1 )AP'( P ,9 2 ). (54) 
After straightforward D-algebra transformations we obtain 

(a) = 8a& J d 2 9 J ^0Jk 2 A%-p,9)Mp,9), 

(b) = 8aU J d 2 9 J ^0Jk 2 A^-p,9)A,(p,9), 

(c) = 4a^-a J d 2 9 J ^0Jk 2 A?(-p,9)Mp,9), 
(a') = 8a 2 £ f d 2 9 f ^0Jk 2 A^-p,9)A,(p,9), 

m = *a>t j d 2 9 J ^0Jk 2 A%- P ,9)Mp,9), 

(c') = Aaiej d 2 9 J ^0Jk 2 A%-p,9)Mp,9), (55) 
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where 

1 sin 2 (A; Ap) 

J = 32 k\p-kf (56) 
The final contribution of this graph is therefore 

„ 9 ~ f d 3 p l9 „ f d 3 k sin 2 (fcAp) „. . . „. . . 

r - = 7 (2^ rf « y ^—^^H^M). (57) 

Thus, collecting the results in (|5U1) . (JHIj) and (|5Tj) we get that the would be divergent part 

ofr 2 , 

r?-=(|<*+§«.(i-e-5) y (gs^s y (g3?^|^^(-p,9)^(p,«), (58) 

vanishes irrespectively of the gauge parameter £. This means that the one-loop two point 
vertex function of the gauge superfield is free from both UV and UV/IR infrared singularities 
in any covariant gauge. As a matter of fact, using arguments similar to those presented in 
|2l| one can demonstrate that all superficially logarithmically divergent graphs are finite. We 
therefore conclude that in any gauge the model is one-loop finite. 

Let us now consider the effect of the inclusion of matter fields. We first examine the case 
in which a scalar superfield in the adjoint representation couples to the CS superfield through 
the action 

S A = J d 5 z^(D 2 - M)4> - ~(g[4>, A% * D a( j> - gD a * [A a , </>]*) 

(59) 

With this modification the superficial degree of divergence in Eq. (HHj) must be replaced by 

d{i) = 2-\{E A + E+)-^, (60) 

where Ea and E^ are the numbers of the external A and (j) lines, respectively. The more 
dangerous situations correspond to linearly divergent contributions which are possible only 
if E^ — 2 or Ea = 2. The addition of the action (|59|) generates new contributions to the 
two point proper vertex function of the gauge superfield. The corresponding supergraphs are 
listed in Fig. 8 and the details of their computation are the same as in the three-dimensional 
noncommutative CP N ~ X model (2^]. They give the following contributions to the effective 
action 
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and 



iSiip) = -2g 2 J d 2 9 J -^I(k,p) 

x \k 2 + M 2 )C afS A a (-p, 9)AP(p, 9) + (k afS + MC aP ){D 2 A a {- P) 9))A?(p, 9) 

+ ^D a A a (-p,9){k~ t p + MC^A^p^)] (61) 



< b (P) = V J ^ ^tp%7i^ Aa{ ^ 6)A ^ 01 (62) 



where 



sin 2 (/cAp) 

W) = (P + M 2 )[(A; + p) 2 + M 2 ]- (63) 
Although individually divergent the sum of iS% a {p) and iS% h {p) is finite being equal to 

iSiip) = -2g 2 Jd 2 9 J j^I(k,p) 

x (k jfS + MC lP ) [{D 2 A\-p, 9))A?(p, 9) + ^D a A a (-p, 9)A?(p, 9)] , (64) 

or equivalently, 

S£( P ) = d 2 9f(p)A?(p,9)[D 2 + 2M]W p(-p,9) 

J d 2 9f(p)[W«W 0a + 2MW«A a ], (65) 



167T 



where 



/d 6 k 
(2^)5 A*, P) (66) 

and Wq = ^D l3 D a A/ 3 is a linearized superfield strength. As we see, these graphs originate 
nonlocal Maxwell and CS terms in the effective action. 

Let us now consider the two point function of the scalar superfield. The one-loop contribut- 
ing graphs are depicted in Fig. 9; they are superficially linearly divergent. Notice that, as 
before by reasons of symmetry, the would be logarithmic divergences vanish and therefore all 
terms which do not contain linear divergences are finite. 
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The UV leading part of the graph in Fig. 9a, which involves two vertices with three fields 

is 

iS$ A = ~-9 2 d%d% ,r 2(fc * p) ^A Df>D° + ZD°Df>)5 12 

^ 2 y J (2tt) 3 J 4mk 2 [(p + k) 2 + M 2 ] K s ; 

x D al (D 2 + M)D 02 5 12 [ ( f ) (-p,e l )^p,e 2 ) +0(-pA)0M 2 )] (67) 
and, after D-algebra transformations turns out to be 

iS m = f d 2 9 tthM£dl f « + flnite term . (68) 

J m J (2tt) 3 k 2 y ' 

Notice that this gauge dependent contribution only vanishes in the Landau, £ = gauge, 
as could be anticipated from a rapid inspection of Eq. (JHTJ) . Now, after trivial D-algebra 
transformations the contribution from the graph in Fig. 9b becomes 

iST = "(I " 09 2 f *9 ^- pMM [ M v^ri + fin . te term _ 



m J (2tt) 3 P 

Differently from Eq. 1)68)1 the above result only vanishes in the Feynman, £ = 1, gauge where 
the propagator of the A a superfield does not contain spinor derivatives. The sum of Eqs. 
(jfiHjl and (jnni) only vanishes in the £ = 1/2 gauge and thus only in this gauge the model with 
the matter superfields in the adjoint representation is free from dangerous UV/IR infrared 
divergences. 

A more favorable situation occurs if the matter superfield belongs to the fundamental rep- 
resentation of the gauge group. In this case the matter action is 



J d b z (f>(D 2 - M)(j> - y (0 * A a * D a <p - D a <p *A a * 



q 2 - 

~4>*A a *A a * 



(70) 



which implies in the following form of the vertices after the Fourier transform: 

= -|A Q (A; 1 )( J D Q< />(A; 2 )0(A ; 3)-0(A; 2 )/J Q 0(A ; 3))e^ Afc3 , 
It = -^$(k 1 )A a (k 2 )Mh)<i>{ki)e^^^* k *. (71) 

We can easily calculate the contributions of graphs containing these vertices to the two point 
function of the gauge superfield. In fact, the D-algebra transformations are exactly the same 
as in the adjoint representation, the only differences in the analytical expressions being due 
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to the replacement of trigonometric factors by phases in the way specified in the Eqs. (JTTj) . 
However, these phase factors do not interfere with the calculations since both graphs turn out 
to be planar. Their corresponding analytical expressions are 

^ 2 ' ' d 3 k 1 



iSg( P ) = -\ J d 2 6 J 



x 



(2tt) 3 (k 2 + M 2 ) [(k + p) 2 + M 2 } 
(k 2 + M 2 )C a pA a (-p, e)AP(p, 9) + (k a p + MC a p)(D 2 A a (-p, 9))A^p, 6) 



1 



+ -D^D a A a (- P ,e)(k 70 + MC^)A^ip,e) (72) 



2 



and 



n 2 f d 3 k 1 

= T J w WTW^ C "' Aa( - pM ' 9) - (73) 



Their sum is also finite and equal to 

d 3 k 1 



iSl(p) = - 9 -J d 2 6 J 



(2tt) 3 (k 2 + M 2 )[{k + p) 2 + M 2 } 



x (k l/3 + MC lP ) [(D 2 A^(-p, 9))A p (p, 6) + ^D a A a (-p, 9)A' 3 (p, 9) 



(74) 



the only difference with respect to Eq. (jfilj) being the absence of the trigonometric factor. 

We still have to examine the contributions to the two point vertex function of the scalar 
superfield. The relevant graphs are again those drawn in Fig. M and in this case are totally 
planar. We get 



<1 F = 'Id 2 f^rj d%d 2 6 2 A „„ -L- ■ - P r {Dt>D* + tD*Df>)5: 



(2tt) 3 J 1 z 4mk 2 [(p + k) 2 + M 2 ] 



12 



x D al (D + M)D p2 5 u [(f>(-p, OMp, 9 2 ) + <f>(-p, 9i)<f>(p, 6 2 )}, (75) 
which after D-algebra transformations becomes 



iS%>* = -yt / d W K " ' \ —~ %T -, + finite term. (76) 

# 4 J m J (27r) 3 k 2 v ' 



The D-algebra transformations for the second graph are simpler and yield 

isT = -ki-W f^ ( - pMM I d3k 1 

H> 4 V s/y J m J 



(77) 



(2tt) 3 F 

In the context of dimensional regularization, which we are implicitly assuming, these divergent 
parts vanish. Thus in any gauge the one-loop contributions to the two point vertex function of 
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the scalar superfield are finite. This result singles out the fundamental representation as the 
preferable one for the construction of the model. 

It should be noticed that although absent in the one-loop corrections a quartic self- 
interaction of the scalar superfield may be induced at higher orders. In that situation for 
renormalizability one should a fortiori introduce the coupling 

~ \ J * ^ * ^ * ^' ^ 
which in its turn generates new one-loop graphs. In particular, for the two point function of 
the scalar superfield we have the graph depicted in Fig. HH which corresponds to 

- 2X I" 20 IwfJ (giCT^^"^'^ (79) 

which after a trivial D-algebra transformation is equal to 

- 2X I dH IwfI WfWTW^- 6 ^ < 80 » 

providing a finite mass renormalization for the scalar superfield. 

VI. CONCLUSIONS 

In this work we have studied various models of matter fields coupled to the CS field both in 
the fundamental and in the adjoint representation of the U(l) noncommutative gauge group. 
Special attention was given to the occurrence of UV/IR mixing as it may generate noninte- 
grable infrared singularities. We began by proving that the model describing a fermionic field 
minimally coupled to the CS field is free from dangerous UV/IR mixing. On the other hand, 
the model with only a scalar field also in the fundamental representation and minimally cou- 
pled to the CS field presents a linear infrared divergence in the one-loop contribution to the 
four point vertex function of the matter field. We proved that it is possible to cancel such 
divergence by incorporating fermions interacting with the scalar field via a noncommutative 
Yukawa like Lagrangian. The situations are more complicated if the matter fields belong to 
the adjoint representation: to eliminate the UV/IR mixing in the one-loop contributions to the 
gauge field propagator it is necessary to consider a more general model containing both scalar 
and fermionic fields minimally coupled to the CS field. However, even with the addition of a 
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Yukawa interaction it was not possible to eliminate all one-loop infrared divergences which are 
present in the two point vertex function of the fermionic field and also in the four point function 
of the scalar field. More general interactions seemed to be necessary and also motivated by 
results in supersymmetric gauge theories (21I, Q| we were led to study a noncommutative CS 
superfield coupled to matter. We first demonstrate that the pure gauge sector is finite in an 
arbitrary gauge. The inclusion of matter brought new features depending on the representation 
to which the corresponding superfield belongs. For the matter superfield in the fundamental 
representation of the gauge group all one-loop graphs with positive superficial degree of diver- 
gence are planar and are therefore finite in the context of dimensional regularization. However, 
for the matter in the adjoint representation we found that the absence of dangerous UV/IR 
singularities in the two point vertex function of the matter field only happens in a particular 
gauge, namely £ = 1/2. 
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Figure 1: Vertices for the CS field coupled to matter. Charges flow in opposite direction to the 
indicated. 
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Figure 3: One-loop corrections to the gauge-scalar field three point functions. 
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Figure 4: One-loop contributions to the four point function. 
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Figure 5: Nonintegrable singularity generated by iteration of the graph in Fig. 
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Figure 6: One-loop corrections to the matter fields two point functions 





Figure 7: Superficially linearly divergent diagrams contributing to the two-point function of the gauge 
superfield. 
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Figure 8: Coupling to matter: contributions to the two-point function of gauge superfield. 





Figure 9: Coupling to matter: contributions to the two-point function of matter field. 




Figure 10: The contribution to the two-point function of matter field generated by the matter self- 
interaction. 
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